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DERIVED DUALITIES INDUCED BY A 1-COTILTING
BIMODULE
FRANCESCA MANTESE, ALBERTO TONOLO
Abstract. In this paper we characterize the modules and the complexes in-
volved in the dualities induced by a 1-cotilting bimodule in terms of a linear
compactness condition. Our result generalizes the classical characterization
of reflexive modules with respect to Morita dualities. The linear compactness
notion considered, permits us to obtain finiteness properties of the rings and
modules involved.
Introduction
Let R and S be two arbitrary associative rings with 1 6= 0. We denote by
R-Mod and Mod-S the categories of left R-modules and of right S-modules. Morita
and Azumaya in [20] and [3] studied the additive category dualities between two
categories of left R- and right S-modules closed under sub and factor modules, and
containing all the finitely generated modules. They proved that these are equivalent
to the category dualities given by the contravariant Hom functors induced byMorita
bimodules, i.e., bimodules RWS such that RW and WS are injective cogenerators
and R = EndWS , S = EndRW . The modules in the domain and in the range of
these dualities are called Morita reflexive.
In [21] Mu¨ller proved that the Morita reflexive modules coincide with the linearly
compact modules.
The 1-cotilting modules generalize injective cogenerators: indeed, they are mod-
ules which are injective exactly on the subcategory they cogenerate. The cotilting
theory studies the dualities induced by the contravariant functors HomR(−, U),
HomS(−, U) and Ext
1
R(−, U), Ext
1
S(−, U) associated to a (faithfully balanced) 1-
cotilting bimodule. In 2006 Robert Colby and Kent Fuller in their monograph [6]
provided a unified approach to the various theories of equivalence and duality be-
tween categories of modules developed in the last 50 years, concentrating on those
induced by tilting and cotilting modules. The rich bibliography in [6] takes into
account the contribution in this field of many mathematicians.
Given a 1-cotilting bimodule RUS , the two pair of contravariant functors
HomR(−, U), HomS(−, U) and Ext
1
R(−, U), Ext
1
S(−, U)
play the same role, but their behavior is not symmetric. This is essentially moti-
vated by the fact that Ext1(Hom(−, U), U) vanishes, while the other composition
Hom(Ext1(−, U), U) is in general different from zero. Many papers dedicated to
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cotilting theory have to handle with this asymmetry, which affects the study of the
duality induced by the contravariant functors Ext1R(−, U), Ext
1
S(−, U). The prob-
lem can be bypassed restricting to noetherian rings and finitely generated modules
(see e.g. [19], [5], [26]), since Hom(Ext1(−, U), U) is zero on finitely related mod-
ules (see Lemma 4.10). Otherwise, one can circumscribe his interest to particular
classes of modules where Hom(Ext1(−, U), U) is zero, as in [7],[16] and [25].
In this paper we have undertaken a different direction, facing this asimmetry.
Recently, in [18] we have studied the dualities induced by a cotilting bimodule
in the framework of the derived categories of modules over an arbitrary associa-
tive ring. We think that this is the correct setting for understanding, also at the
level of the module categories, the nature of these dualities. Considering the total
derived functors RHom(−,RU) and RHom(−, US) and their cohomologies is in-
deed possible to evaluate the interplay of the functors HomR(−, U), HomS(−, U)
and Ext1R(−, U), Ext
1
S(−, U). In particular the vanishing of Hom(Ext
1(−, U), U) is
better understood and, naturally inserted in the notion of reflexive object, it looses
its technical aspect.
The aim of this paper is to characterize in terms of a suitable notion of linear
compactness the D-reflexive complexes, i.e., the complexes in the domain and in the
range of the duality induced by the functors RHom(−,RU) and RHom(−, US).
In such a way we generalize to cotilting dualities between derived categories the
classical Mu¨ller result. In [18, Corollary 3.6, Example 4.6] we have proved that a
complex is D-reflexive if and only if its cohomologies are D-reflexive. Therefore for
characterizing the D-reflexive complexes is sufficient to characterize the D-reflexive
stalk complexes, i.e., the D-reflexive modules considered as complexes concentrated
in degree 0.
In [6, Proposition 5.3.7], consequence of results in [4] and [17], a characterization
of modules in the domain and in the range of the duality induced by the con-
travariant functors HomR(−, U), HomS(−, U) is given in terms of suitable notion
of density and linear compactness. Generalizing a result of Wisbauer [27, 47.7],
we characterize in Theorem 4.6 the bimodules RUS for which the density condition
is automatically satisfied. In Theorems 4.16, 4.17 and Corollary 4.18 we charac-
terize the modules in the domain and in the range of the duality induced by the
contravariant functors Ext1R(−, U), Ext
1
S(−, U) employing a suitable notion of lin-
ear compactness. The linear compactness notion considered, permits us to obtain
finiteness properties of the rings and modules involved in the duality. In particular
we extend the Osofsky’s result on the impossibility for an infinite direct sum to be
involved in a Morita duality to the cotilting case (see Proposition 3.3), and we prove
that a right noetherian ring admitting a cotilting duality is necessarily semiperfect
(see Proposition 3.5). Finally, summarizing what we have obtained in the previous
sections, we conclude the paper with the characterization of D-reflexive complexes
(see Corollary 5.5).
1. Preliminaries and Notation
Let R and S be two arbitrary associative rings with 1 6= 0. We denote by R-Mod
and Mod-S the categories of left R-modules and of right S-modules, and by D(R)
and D(S) the corresponding derived categories.
Definition 1.1. A left R-module (resp. right S-module) U is 1-cotilting if it
satisfies the following conditions:
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(1) idimU ≤ 1;
(2) Ext1(Uα, U) = 0 for each cardinal α;
(3) if Hom(M,U) = 0 = Ext1(M,U) then M = 0.
A bimodule RUS is 1-cotilting if both RU and US are 1-cotilting.
It can be shown (see [2, Proposition 2.3]) that property (3) in Definition 1.1 can
be replaced by
(3′) denoted by W an injective cogenerator, there is an exact sequence
0→ U1 → U0 →W → 0
where U1, U0 ∈ ProdU , the subcategory of the direct summands of direct
products of copies of U .
Consider the following subcategories associated to a module L:
• CogenL := {M ∈ R-Mod : M ≤ Lα for a suitable cardinal α};
• ⊥L := {M ∈ R-Mod : Ext1R(M,L) = 0}.
A module U is 1-cotilting if and only if CogenU = ⊥U (see [8, Proposition 1.7]);
in such a case (KerHom(−, U),CogenU) is a torsion pair.
An injective cogenerator is a 1-cotilting bimodule. Therefore a Morita bimodule
is a faithfully balanced 1-cotilting bimodule. The generalization is effective, for
there exist rings with a faithfully balanced 1-cotilting bimodule which do not admit
a Morita duality.
Proposition 1.2. Let R be a left hereditary and left artinian ring. Then RRR is
a faithfully balanced 1-cotilting bimodule.
Proof. Since R is perfect ([1, Corollary 28.8]), left hereditary implies right heredi-
tary [23, Corollary 2], hence idim(RR) ≤ 1. Since RR is of finite length, then RR
is product complete [15, Theorem 4.1], i.e., ProdRR = AddRR, where AddRR
denotes the subcategory of the direct summands of direct sums of copies of U .
Thus ExtiR(ProdRR, RR) = Ext
i
R(AddRR, RR) = 0 and for any injective cogener-
ator W in Mod-R there exists an exact sequence 0 → R1 → R0 → W → 0 with
R1, R0 ∈ AddRR = ProdRR. This implies that RR is a 1-cotilting module and
that it is Σ-pure injective [11, Lemma 1.2.23]; thus R is right coherent [9, Corol-
lary 5.4]. Since R is right coherent and left perfect, RR is product complete by
[15, Proposition 3.9]; applying again the above argument, we get that also RR is
1-cotilting. 
Example 1.3. Consider the following example proposed by W. Xue [28, Remark 2.9].
Let D be a division ring admitting a division subring C such that dim(DC) is finite
but dim(CD) is not. As proved by Xue, the triangular matrix ring R =
(
D D
0 C
)
is hereditary and artinian (on both sides), and R does not admit a Morita dual-
ity. By Proposition 1.2 the regular bimodule RRR is a faithful balanced 1-cotilting
bimodule.
In the sequel let us fix a 1-cotilting bimodule RUS ; we denote by ∆R and ∆S
(or simply by ∆ when the ring is clear from the context) the contravariant functors
HomR(−, U) and HomS(−, U), by ΓR and ΓS (or simply by Γ) the contravariant
functors Ext1R(−, U) and Ext
1
S(−, U), and by R∆R and R∆S (or simply by R∆)
the derived functors of ∆R and ∆S between the derived categories D(R) and D(S).
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We often denote by ∆2 both the compositions ∆S ◦∆R and ∆R ◦∆S , by Γ
2 both
the compositions ΓS ◦ ΓR and ΓR ◦ ΓS , and by (R∆)
2 both the compositions
R∆S ◦ R∆R and R∆R ◦ R∆S . Since Im∆ ⊆ CogenU ⊆ U
⊥, it is R(∆2) =
R∆ ◦R∆ =: (R∆)2 [12, Proposition 5.4].
The pair of functors (∆R,∆S) is right adjoint with units the evaluation maps
δ : idR-Mod → ∆
2 := ∆S∆R, δ : idMod-S → ∆
2 := ∆R∆S
defined setting for each module M
δM :M // ∆
2M
m ✤ // m˜ : ∆M // U
φ
✤ // m˜(φ) := φ(m)
Along this paper we will define the notions of ∆-reflexive, ∆-torsionless, ∆-torsion,
∆-dense, ∆-linearly compact modules; all these are known in the literature as
U -reflexive, U -torsionless, U -torsion, U -dense, U -linearly compact modules. We
make this choice since in the sequel other notions of reflexivity, torsionless, torsion,
density, linear compactness will be associated to the bimodule RUS.
Definition 1.4. A module M is
• ∆-reflexive if δM is an isomorphism;
• ∆-torsionless if δM is a monomorphism;
• ∆-torsion if ∆M = 0.
The classes of ∆-torsion and ∆-torsionless modules coincide with the torsion and
torsionless modules associated to the torsion pair (Ker∆,CogenU = KerΓ).
Let M be a module. Since ∆(δM ) ◦ δ∆(M) = 1∆(M), then
• ∆(M) is ∆-torsionless;
• if M is ∆-reflexive, also ∆(M) is ∆-reflexive.
For each module M we denote by RejU M the intersection
⋂
{Ker f : f ∈ ∆M}.
The RejU M and M/RejU M are the torsion part and the torsionless part of the
module M with respect to the torsion pair (Ker∆,KerΓ).
Since Im∆ ⊆ CogenU = KerΓ, we have Γ∆ℓ = 0 for each ℓ ≥ 1. The same is
not true in general interchanging the role of the functors ∆ and Γ (see Example 2.4).
By [14, Lemma 13.6] also the total derived functorsR∆R and R∆S form a right
adjoint pair. Let us denote by η both the units
η : idD(R) → (R∆)
2 := R∆SR∆R, η : idD(S) → (R∆)
2 := R∆RR∆S
defined setting for each complex X•
X•
ηX• =

.... // P−1
δP
−1

// P0
δP0

// P1
δP1

// ...
(R∆)2(X•) ... // ∆2(P−1) // ∆
2(P0) // ∆
2(P1) // ...
where pX• := ....P−1 → P0 → P1 → ... is a homotopically projective resolution of
X•.
Definition 1.5. A complex X• is
• D-reflexive if ηX• is an isomorphism, i.e. if it induces isomorphisms be-
tween the cohomologies;
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• D-torsionless if ηX• induces monomorphisms between the cohomologies.
A module M is
• D-reflexive or D-torsionless if it is D-reflexive or D-torsionless considered
as a complex concentrated in degree 0.
Let X• be a complex. Since R∆(ηX•) ◦ ηR∆(X•) = 1R∆(X•), then
• R∆(X•) is D-torsionless;
• if X• is D-reflexive, also R∆(X•) is D-reflexive.
Theorem 1.6 (Corollary 3.6, Example 4.6 [18]). Let RUS be a 1-cotilting bimodule.
A complex is D-reflexive if and only if its cohomologies are D-reflexive.
Therefore for characterizing the D-reflexive complexes is sufficient to characterize
the D-reflexive modules. In [18, Theorem 3.10] we have proved that the D-reflexive
modules form an exact subcategory of the whole module category.
We can associate with each short exact sequence of left R-modules
0→ A→ B → C → 0
a triangle A→ B → C → A[1] in D(R). Applying R∆2 to this triangle and consid-
ering the corresponding long exact sequence of cohomologies we get the following
commutative diagram
0
η−1C

// A
η0A

// B
η0B

// C
η0C

// 0
... // H−1R∆2C // H0R∆2A // H0R∆2B // H0R∆2C // 0
where ηiX denote the module morphism
Hi(ηX) : H
iX → HiR∆2X
for each left R-module X .
Proposition 1.7. [25, Theorem 1.2, Proposition 1.3][18, Proposition 4.2] If RUS
is a 1-cotilting bimodule, then for each module M we have the following diagram
with exact row
M
η0M

0 // Γ2M
αM
// H0R∆2(M)
βM
// ∆2M // 0
with βM ◦ η
0
M equal to the evaluation map δM . Moreover
HiR∆2(M) =
{
0 if i 6= 0,−1,
∆ΓM if i = −1.
Then a module M is D-reflexive if and only if
• ∆ΓM = 0 and η0M :M → H
0R∆2(M) is an isomorphism;
it is D-torsionless if and only if
• η0M :M → H
0R∆2(M) is a monomorphism.
A 1-cotilting bimodule has a cogenerator-type property in the derived category:
Corollary 1.8. If HiR∆2(M) = 0 for i = 0,−1 then M = 0.
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Proof. If M ∈ KerH0R∆2 we have ∆2M = 0 = Γ2M . Since 0 = H1R∆2M =
∆ΓM and ΓΓM = 0 imply ΓM = 0, and ∆2M = 0 implies ∆M = 0, we conclude
M = 0 by Definition 1.1. 
In the sequel, if M is ∆-torsionless (resp. M is ∆-torsion) we will identify the
maps η0M and βM ◦ η
0
M (resp. α
−1
M ◦ η
0
M ) which differ only for the isomorphism βM
(resp. α−1M ).
Corollary 1.9. If M is ∆-torsionless then H0R∆2(M) = ∆2M ; in particular it
is D-reflexive if and only if it is ∆-reflexive. If N is ∆-torsion then H0R∆2(M) =
Γ2M .
We can check if a module is D-torsionless or D-reflexive considering separately
its torsion and torsionless part with respect to the torsion pair (Ker∆,KerΓ):
Proposition 1.10. Let RUS be a 1-cotilting bimodule and M be a module. Then
for each i ≤ 0 we have that ηiM is a monomorphism (resp. an isomorphism) if
and only if ηiRejU M and η
i
M/RejU M
are monomorphisms (resp. isomorphisms). In
particular
(1) M is D-torsionless if and only if RejU M is D-torsionless;
(2) M is D-reflexive if and only if RejU M andM/RejU M are both D-reflexive.
Proof. We consider separately the cases i ≤ −2, i = −1 and i = 0.
i ≤ −2: the maps ηiL = 0 are natural isomorphisms for each module L (see Propo-
sition 1.7).
i = −1: since H−1R∆2(M/RejU M) = ∆Γ(M/RejU M) = 0, the map η
−1
M/RejU M
is always an isomorphism. From the exact sequence
0 // H−1R∆2RejU M // H
−1R∆2M // 0
we get immediately the thesis.
i = 0: consider the commutative diagram
0 // RejU M
η0RejU M

// M //
η0M

M/RejU M _
η0M/RejU M
=δM/RejU M

// 0
0 // H0R∆2RejU M // H
0∆2M // H0R∆2M/RejU M // 0
If η0M is a monomorphism, then η
0
RejU M
is a monomorphism. Conversely, if η0RejU M
is a monomorphism, also η0M is a monomorphism by diagram chasing. If η
0
M is an
isomorphism, then η0RejU M is a monomorphism and η
0
M/RejU M
is an epimorphism
and hence an isomorphism. Therefore also η0RejU M is an isomorphism. The converse
is clearly true. 
We collect in the following result some useful property of ∆-torsion modules.
Lemma 1.11. Let RUS be a 1-cotilting bimodule. Consider a ∆-torsion module
N . Then
(1) R∆N = ΓN [−1];
(2) H0R∆3(N) = ∆Γ2N , HiR∆3(N) = 0 for each i ≥ 2 and there is a short
exact sequence
0→ Γ3N → H1R∆3(N)→ ∆2ΓN → 0;
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(3) H1R∆(ηN ) ◦ η
0
ΓN = 1ΓN and hence ΓN ≤
⊕ H1R∆3(N).
If ∆ΓN = 0, then
(4) Γ(η0N ) ◦ η
0
ΓN = 1ΓN and hence ΓN ≤
⊕ Γ3N ;
(5) Ker(η0N ) is ∆-torsionless.
If ∆Γ2N = 0 then
(6) Coker η0N is ∆-torsion.
Proof. Let ...
d−2
→ P−1
d−1
→ P0 → (N →)0 be a projective resolution of N . Let us
denote by Ki the kernel of di. Applying ∆ to the short exact sequences
0→ Im d−1 → P0 → N → 0, 0→ K−1 → P−1 → Im d−1 → 0 and
0→ K−i → P−i → K−i+1 → 0, i ≥ 2
we get
0 = ∆N → ∆P0 → ∆Im d−1 → ΓN → 0,
0→ ∆Im d−1 → ∆P−1 → ∆K−1 → 0, and
0→ ∆K−i+1 → ∆P−i → ∆K−i → 0
Applying ∆ again we get
0 // ∆ΓN // ∆2 Im d−1 //
$$ $$■
■■
■■
■■
■■
■
∆2P0 // Γ
2N // 0
J
.

==③③③③③③③③③
0→ ∆2K−1 → ∆
2P−1 → ∆
2 Im d−1 → 0 and
0→ ∆2K−i → ∆
2P−i → ∆
2K−i+1 → 0
Applying a third time ∆ we get
0→ ∆Γ2N → ∆3P0 → ∆J → Γ
3N → 0,
0→ ∆J → ∆3 Im d−1 → ∆
2ΓN → 0
0→ ∆3 Im d−1 → ∆
3P−1 → ∆
3K−1 → 0 and
0→ ∆3K−i+1 → ∆
3P−i → ∆
3K−i → 0
1. Since
R∆N = 0→ ∆P0 → ∆P−1 → ...
we have easily H0R∆N = 0, H1R∆N = ΓN , and HiR∆N = 0 for each i 6= 0, 1.
2. Since
R∆3N = 0→ ∆3P0 → ∆
3P−1 → ...
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we have H0R∆3N = ∆Γ2N and HiR∆3N = 0 for each i 6= 0, 1. Finally we have
the following commutative diagram
∆3P0 // ∆J _

// Γ3N _

✤
✤
✤
// 0
∆3P0 // ∆
3 Im d−1 = Ker(∆
3P−1 → ∆
3P−2)

// H1R∆3N
tttt✐ ✐
✐ ✐
✐ ✐
✐ ✐
✐ ✐
✐
// 0
∆2ΓN

0
from which we get the short exact sequence
0→ Γ3N → H1R∆3N → ∆2ΓN → 0
3. We have R∆(ηN ) ◦ ηR∆N = 1R∆N and R∆N = ΓN [−1]; in particular
1ΓN = 1H1 R∆N = H
11R∆N = H
1R∆(ηN ) ◦H
1ηR∆N =
= H1R∆(ηN ) ◦H
1ηΓN [−1] = H
1R∆(ηN ) ◦ η
0
ΓN
Therefore η0ΓN is a monomorphism, H
1R∆(ηN ) is an epimorphism and ΓN is a
direct summand of H1R∆3N .
4. Since ΓN is ∆-torsion, by (2) it is H1R∆3N = Γ3N and we get easily that
H1R∆(ηN ) = Γ(η
0
N ). Then we conclude by (3).
5. Consider the exact sequence
(∗) 0 // Ker η0N
// N
η0N
//
 
❃❃
❃❃
❃❃
❃❃
Γ2N // Coker η0N
// 0
I
.

>>⑤⑤⑤⑤⑤⑤⑤⑤⑤
Applying the functor ∆ we get the exact sequences
Γ3N → ΓI → 0 and ΓI → ΓN → ΓKer η0N → 0
Since Γ(η0N ) is an epimorphism by (4), we conclude ΓKer η
0
N = 0.
6. Applying ∆ to (∗) we get 0→ ∆Coker η0N → ∆Γ
2N = 0. 
2. D-torsionless modules
In this section we study the D-torsionless modules. In particular we will see that
they are in general different from the whole category of modules.
In the sequel we assume always RUS is a 1-cotilting bimodule (see Definition 1.1).
Let us denote by DCogenU the class of D-torsionless modules, i.e. of modules
M such that η0M is a monomorphism (see Proposition 1.7). Clearly CogenU ⊆
DCogenU . The class of D-torsionless modules is a pretorsion-free class, i.e. it is
closed under submodules and products; in general it is not closed under extensions.
Lemma 2.1. Given an exact sequence 0 // L // M // N // 0 , if L
and N belong to DCogenU and ∆ΓN = 0, then also M belongs to DCogenU .
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Proof. Consider the commutative diagram with exact rows
0 // L
η0L

// M
η0M

// N
η0N

// 0
∆ΓN = 0 // H0R∆2L // H0R∆2M // H0R∆2N // 0
If L and N are D-torsionless, also η0M is a monomorphism. 
Remembering that DCogenU is closed under submodules and products, the
following result give a large number of D-torsionless modules.
Proposition 2.2. For each module M , the modules ∆M , ΓM and H0R∆2M are
D-torsionless. If ∆Γ3M = 0 = ∆ΓM then also M is D-torsionless.
Proof. Clearly ∆M ∈ CogenU ⊆ DCogenU . By Lemma 1.11, (3), η0ΓN is a
monomorphism. From the exact sequence
0 // Γ2M // H0R∆2M // ∆2M // 0
and Lemma 2.1, we obtain that also H0R∆2M is D-torsionless. Let ∆Γ3M =
0 = ∆ΓM ; to prove that M is D-torsionless it is not restrictive to assume M is
∆-torsion (see Proposition 1.10). By Lemma 1.11, (5), ΓKer η0M = 0; then applying
∆ to the diagram
0 // Ker η0M
// M
η0M
//
 
❃❃
❃❃
❃❃
❃❃
Γ2M // Coker η0M
// 0
I
.

==⑤⑤⑤⑤⑤⑤⑤⑤⑤
we get the exact sequences
∆M = 0→ ∆Ker η0M → ΓI → ΓM → ΓKer η
0
M = 0 and
∆I = 0→ ΓCokerη0M → Γ
3M → ΓI → 0.
Applying again ∆ we get
∆ΓM = 0→ ∆ΓI → ∆2Ker η0M → Γ
2M → Γ2I → 0 and
0→ ∆ΓI → ∆Γ3M = 0→ ∆ΓCoker η0M → Γ
2I → Γ4M → Γ2Coker η0M → 0
Since Γ(η0ΓM )◦Γ
2(η0M ) = Γ(Γ(η
0
M )◦η
0
ΓM ) = Γ(1ΓM ) = 1Γ2M , Γ
2(η0M ) is a monomor-
phism. The map Γ2(η0M ) is the composition of the epimorphism Γ
2M → Γ2I and
of Γ2I → Γ4M . Since ∆ΓI = 0, we get ∆2Ker η0M = 0; then also ∆Ker η
0
M = 0
and hence Ker η0M = 0 by Definition 1.1. 
Any given class C of objects cogenerates a torsion pair [24, Chapter VI, §2] whose
torsion free class is the smallest torsion free class containing C.
Proposition 2.3. Let RUS be a 1-cotilting bimodule. The class KerH
0R∆2 is
the torsion class cogenerated by DCogenU ; it coincides with the class of modules
N such that η0N = 0.
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Proof. Since ImH0R∆2 ⊆ DCogenU we have
{N : H0R∆2N = 0} ⊆ {N : η0N = 0} ⊆ {N : Hom(N,M) = 0 ∀M ∈ DCogenU}
Assume Hom(N,M) = 0 for each M ∈ DCogenU . First of all N is ∆-torsion: if
∆N 6= 0 there exists a non zero map between N and U ∈ CogenU ⊆ DCogenU .
Then H0R∆2N = Γ2N ; since Γ2N belongs to DCogenU by Proposition 2.2, we
have η0N = 0. Let us prove that ΓN belongs to Ker Γ and hence H
0R∆2N =
Γ2N = 0. Applying ∆ to the diagram
0 // K

// P

// N //
η0N=0

0
0 // ∆ΓN // ∆2K
## ##❍
❍❍
❍❍
❍❍
❍❍
❍
// ∆2P // Γ2N // 0
I
?
OO
we get the commutative diagram
∆P // ∆K // ΓN // 0
∆3P //
∆(δP )
OO
∆3K //
∆(δK)
OO
H1R∆3(N) //
H1 R∆(ηN )
OO
0
∆3P // ∆I
<<②②②②②②②②②
""❊
❊❊
❊❊
❊❊
❊
// Γ3N  s
&&▼
▼▼
▼▼
▼▼
▼▼
▼▼
Γ(η0N )=0
;;
// 0
∆3P // ∆3K // H0R∆2(ΓN) //
βΓN
'' ''◆
◆◆
◆◆
◆◆
◆◆
◆
0
∆2ΓN
∆P //
δ∆P
OO
∆K //
δ∆K
OO
ΓN //
η0ΓN
OO
0
In particular Γ3N is contained in KerH1R∆(ηN ). Since H
1R∆(ηN ) ◦ η
0
ΓN =
1ΓN by Lemma 1.11, (3), we have Im η
0
ΓN ∩ Γ
3N = 0 and hence βΓN ◦ η
0
ΓN is a
monomorphism. Therefore ΓN is ∆-torsionless, i.e., it belongs to KerΓ. 
The torsion class KerH0R∆2 contains all modules M such that ∆2M = 0 =
Γ2M . In general KerH0R∆2 6= 0 and hence also the torsion free class cogenerated
by DCogenU is a proper subcategory of the whole category of modules:
Example 2.4 ([10] Theorem 2.5). Let A be the generalized Kronecker algebra of
dimension d over an algebraically closed field K. A is isomorphic to
(
K 0
V K
)
where V is a vector space of dimension an infinite cardinal d. By [10, Lemma 2.2],
AAA is a faithfully balanced cotilting bimodule. Following [10, Theorem 2.5], for
every cardinal c such that 1 ≤ c ≤ d, there is an indecomposable cyclic A-module
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Y such that dimK(Y ) = c, ∆Y = 0 and ΓY is a free module of uncountable rank:
in particular Y is ∆-torsion, H0R∆2Y = Γ2Y = 0 and ∆ΓY 6= 0.
3. D-reflexive modules
Given a module L, we denote by genL the class of all modules M such that
there exist a natural number n ∈ N and an epimorphism φLM : L
n // // M . We
denote by presL the class of modules in genL such that KerφLM belongs to genL.
Lemma 3.1. Let RUS be a 1-cotilting bimodule with S = End(RU).
(1) If F belongs to genSS (resp. genRU), then the morphism η
0
F is epic; if F
is also D-torsionless, then η0F is an isomorphism. In particular
(a) if F is ∆-torsionless, then F is D-reflexive.
(b) if F is a submodule of ΓX for some X in R-Mod (resp. in Mod-S)
then η0F is an isomorphism; if further ∆Γ
2X = 0 then F is D-reflexive.
(c) if F belongs to presSS (resp. presRU), then F is D-reflexive.
(2) A simple right S-module L is D-reflexive if and only if ∆ΓL = 0.
Proof. 1) Let F ∈ genSS ; then there exists a short exact sequence
0→ K → Sn → F → 0
for a suitable n ∈ N. To this exact sequence we can associate the triangle in D(S)
K → Sn → F → K[1]
Applying the functor R∆2 and considering the long exact sequences of cohomolo-
gies, we get the following commutative diagram
0 // K
η0K

// Sn
∼=

// F
η0F

// 0
0 // ∆ΓF // H0R∆2K // ∆2Sn = Sn // H0R∆2F // 0
getting immediately the surjectivity of η0F .
1a) If F is ∆-torsionless, then F is D-torsionless and ∆ΓF = 0. Therefore F is
D-reflexive by Proposition 1.7.
1b) By Proposition 2.2 and the closure of DCogenU with respect to submodules,
η0F is an isomorphism. Applying ∆ to the exact sequence Γ
2X → ΓF → 0 we get
0→ ∆ΓF → ∆Γ2X . If the latter is zero, then F is D-reflexive.
1c) If K belongs to genSS or to genRU , then η
0
K is an epimorphism; it is also
a monomorphism and hence an isomorphism. Therefore ∆ΓF = 0 and η0F is an
isomorphism.
The cases F ∈ genRU and F ∈ presRU are analogous.
2) The necessity of the condition follows by the definition of D-reflexive module.
Conversely assume ∆ΓL = 0. If L = 0 it is trivially D-reflexive. Assume L 6= 0;
since L is finitely generated, then η0L is an epimorphism by 1. If η
0
L is not a
monomorphism, then η0L = 0 and hence H
0R∆2L = 0. By Corollary 1.8 we get
L = 0: contradiction. 
The following result establishes an important step in the characterization of D-
reflexive modules in terms of a linear compactness notion.
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Proposition 3.2. Let RUS be a 1-cotilting bimodule and (M
pλ
→ Nλ)λ∈Λ be an
inverse system of epimorphisms. If all the maps η0M and η
0
Nλ
are isomorphisms,
then M → lim
←−
Nλ is an epimorphism.
Proof. Let us consider the short exact sequence
(∗) 0→ Kλ := Ker pλ →M
pλ
→ Nλ → 0.
First let us prove the statement for M being ∆-torsion. In such a case also the
modules Nλ are ∆-torsion and the map Γ
2(M)
Γ2(pλ)
→ Γ2(Nλ) is an epimorphism.
Applying ∆ to (∗) we get the exact sequences
0→ ∆(Kλ)→ Γ(Nλ)→ Iλ → 0 and 0→ Iλ → ΓM → Γ(Kλ)→ 0.
Since U is pure injective [4], CogenU is closed under direct limits [17, Proposi-
tion 1.3]. Applying first the direct limit and then ∆, we obtain the epimorphism
Γ2(M)→ Γ(lim
−→
Γ(Nλ)) = lim←−
Γ2Nλ → 0.
From the commutative diagram with exact rows
Γ2(M) // Γ(lim
−→
ΓNλ) // 0
Γ2M // lim
←−
Γ2Nλ // 0
M
∼= η0M
OO
lim
←−
pλ
// lim
←−
Nλ
∼= lim←−
η0Nλ
OO
we conclude that lim
←−
pλ is an epimorphism.
Assume nowM is ∆-torsionless. From the exact sequence 0→ Kλ →M → Nλ → 0
we get the long exact sequence
∆ΓNλ = H
1R∆2Nλ → ∆
2Kλ → ∆
2M → H0R∆2(Nλ)→ 0
Denoted by Iλ the cokernel of ∆pλ, we have the following commutative diagram
0 // ∆(Iλ)

// ∆2(M)

// ∆2(Nλ) // 0
0 // Γ2(Nλ) //

H0R∆2(Nλ) //

∆2(Nλ) // 0
0 0
Consider the exact sequences
0→ lim
−→
∆(Nλ)→ ∆(M)→ lim−→
Iλ → 0 and
0→ lim
−→
Iλ → lim−→
∆(Kλ)→ lim−→
Γ(Nλ)→ 0.
Since Iλ ∈ KerΓS and the latter is closed under direct limits, we get the exact
sequence
0→ ∆(lim
−→
Iλ) ∼= lim←−
∆(Iλ)→ ∆
2(M)→ ∆(lim
−→
∆(Nλ)) ∼= lim←−
∆2(Nλ)→ 0
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and the epimorphism
∆(lim
−→
Iλ) ∼= lim←−
∆(Iλ)→ Γ(lim−→
Γ(Nλ)) ∼= lim←−
Γ2(Nλ)→ 0.
Passing to inverse limits in the previous diagram, we obtain the commutative dia-
gram with exact rows
0 // lim
←−
∆(Iλ)

// ∆2(M)

// lim
←−
∆2(Nλ) // 0
0 // lim
←−
Γ2(Nλ) //

lim
←−
H0R∆2(Nλ) // lim←−
∆2(Nλ)
0
which implies that lim
←−
H0R∆2(pλ) is an epimorphism. Hence from
M
∼=η0M

// lim
←−
Nλ
∼=lim←−
η0Nλ

∆2(M)
lim
←−
H0 R∆2(pλ)
// lim
←−
H0R∆2(Nλ) // 0
we conclude that lim
←−
pλ is an epimorphism.
Finally, we consider the general case. Let M be a module; consider its ∆-torsion
and ∆-torsionless parts and the commutative diagram
0 // RejU M //
tλ

M //
pλ

M/RejU M //
sλ

0
0 // RejU Nλ // Nλ //

Nλ/RejU Nλ //

0
0 0
It easy to check that the η0’s of all the modules involved in the above diagram are
isomorphisms. In order to get the thesis, we have to show that lim
←−
(1) ker pλ = 0:
indeed, lim
←−
(1)M = 0 since trivially (M)λ∈Λ is a weakly flabby inverse system [13,
Theorem 1.8]. Applying to the above diagram the snake lemma we get the following
diagram
0 // Ker tλ // Ker pλ //
## ##❍
❍❍
❍❍
Ker sλ // _

Coker tλ // 0
0 // Jλ
*


88♣♣♣♣♣♣♣
jλ
// M/RejU M

qλ
// Coker jλ =: Lλ // 0
Nλ/RejU Nλ
Then we get the exact sequence
0→ Coker tλ → Lλ → Nλ/RejU Nλ → 0
The maps η0Lλ and η
0
Im tλ
are isomorphisms. Indeed, consider the exact sequence
0→ Im tλ → RejU Nλ → Coker tλ → 0;
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Im tλ is a submodule of RejU Nλ and a factor of RejU M ; since η
0
RejU Nλ
and η0RejU M
are isomorphisms, and hence respectively a monomorphism and an epimorphism,
also η0Im tλ is an isomorphism. It follows that η
0
Coker tλ
is an isomorphism. Since
η0Nλ/RejU Nλ
is an isomorphism, we get that also η0Lλ is an isomorphism. Thus we
can apply the results proved above to get that lim
←−
tλ is an epimorphism and hence
lim
←−
(1) ker tλ = 0, and lim←−
qλ is an epimorphism and hence lim←−
(1) Jλ = 0. So we
conclude that lim
←−
(1) ker pλ = 0. 
Thanks to the previous proposition we can generalize to the 1-cotilting case a
wellknown result of Osofsky for Morita dualities [22, Lemma 13].
Proposition 3.3. Let RUS be a 1-cotilting bimodule and M an infinite direct sum
of non-zero modules. Then η0M is not an isomorphism; in particular M can not be
D-reflexive.
Proof. LetM = ⊕i∈IMi be a direct sum of non-zero modules. For each finite subset
F ⊆ I, set M(F ) = ⊕j 6∈FMj and MF = ⊕j∈FMj. Consider the inverse system of
epimorphisms (M
pF
→MF )F , where the pF ’s are the canonical projections, and the
following commutative diagrams
0 // MF
η0MF
// M
η0M
// M(F )
η0M(F )
// 0
H0R∆2MF // H
0R∆2M // H0R∆2M(F ) // 0
0 // M(F )
η0M(F )
// M
η0M
// MF
η0MF
// 0
H0R∆2M(F ) // H
0R∆2M // H0R∆2MF // 0
Assume η0M is an isomorphism; then both η
0
M(F )
and η0MF are isomorphisms. Then,
by Proposition 3.2, the inverse limit
lim
←−
pF :M → lim←−
MF
is surjective. Let 0 6= mi ∈ Mi for each i ∈ I, and mF ∈ MF the element whose
j-component is mj for each j ∈ F . Clearly (mF )F⊆I is an element of lim←−
MF ;
therefore there exists m ∈M such that pF (m) = mF for each finite subset F ⊆ I.
This element m has all its components different from zero: therefore I is finite. 
Corollary 3.4. Let RUS be a 1-cotilting bimodule with S = End(RU). A semisim-
ple right S-module M is D-reflexive if and only if it is finitely generated and
∆ΓM = 0.
Proof. By Propositions 1.7, 3.3 the conditions M finitely generated and ∆ΓM = 0
are clearly necessary. They are also sufficient. Let M =
⊕n
i=1 Li with Li simple
right S-modules; then 0 = ∆ΓM =
⊕n
i=1∆ΓLi implies by Lemma 3.1 that the Li’s
are D-reflexive and hence M is D-reflexive. 
If a ring involved in a cotilting duality is noetherian, then, as in the Morita
setting, it is necessarily semiperfect:
Proposition 3.5. Let RUS be a 1-cotilting bimodule with S = End(RU). If S is
noetherian, then it is linearly compact and hence semiperfect.
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Proof. Let S
pλ
// // Nλ , λ ∈ Λ, be an inverse system of epimorphisms. By Lemma
3.1, (1c), η0S and η
0
Nλ
are isomorphisms; then by Proposition 3.2 also lim
←−
pλ :
S → lim
←−
Nλ is an epimorphism and hence SS is linearly compact. Then by [28,
Corollary 3.14] we conclude S is semiperfect. 
Proposition 3.6. Let RUS be a 1-cotilting bimodule with S = End(RU). If R is
a left artinian ring, then the D-reflexive left R-modules are finitely generated. In
particular RU itself is finitely generated.
Proof. Given a D-reflexive left R-module RM , let us consider the semisimple mod-
uleM/JM . Clearly η0M/JM is an epimorphism; it is also a monomorphism. Indeed,
assume Ker η0M/JM 6= 0 and let L 6= 0 be a simple submodule of Ker η
0
M/JM ; by
Lemma 3.1, (1c), L is D-reflexive and hence η0L is an isomorphism. Since the inclu-
sion i : L→M/JM is a splitting monomorphism, also H0R∆2(i) : H0R∆2L→
H0R∆2(M/JM) is a splitting mono. Then by
H0R∆2(i) ◦ η0L = η
0
M/JM ◦ i = 0
we get L = 0: contradiction. Thus η0M/JM is an isomorphism and, by Proposi-
tion 3.3, M/JM is finitely generated. Since an artinian ring is semiprimary, JM is
superfluous in M and hence M is finitely generated by [1, Theorem 10.4]. 
Corollary 3.7. Let RUS be a faithfully balanced 1-cotilting bimodule. If R is a left
artinian ring, then the D-reflexive left R-modules are exactly the finitely generated
modules.
Proof. Since R = End(US), the finitely generated left R-modules are D-reflexive.
Then we conclude by Proposition 3.6. 
4. Characterization of D-reflexive modules
In this section we characterize the D-reflexive modules in terms of a linear com-
pactness and a density notions. Proposition 1.10 suggests us to characterize sepa-
rately the ∆-torsion and the ∆-torsionless D-reflexive modules.
4.1. D-reflexive ∆-torsionless modules. If M is a ∆-torsionless module, then
it is D-torsionless and ∆ΓM = 0: in particular by Lemma 3.1 all finitely generated
∆-torsionless modules are D-reflexive.
Lemma 4.1. If RUS is a 1-cotilting bimodule andM is ∆-torsionless, then Coker η
0
M
belongs to KerΓ.
Proof. By Proposition 1.7 we have Coker η0M
∼= Coker δM . Applying ∆ to the short
exact sequence
0→M
δM→ ∆2M → Coker δM → 0
we get ∆3M
∆(δM )
→ ∆M → ΓCoker δM → 0. Since ∆(δM ) is an epimorphism, we
conclude ΓCoker δM = 0. 
Definition 4.2. A module M is
• ∆-dense in ∆2M (∆-dense for short) if for any h ∈ ∆2M and any finitely
generated submodule L of ∆M , there exists mL ∈ M such that h(ℓ) =
δM (mL)(ℓ) for each ℓ ∈ L [27, §47];
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• ∆-linearly compact if M ∈ CogenU and lim
←−
pλ : M → lim←−
Lλ is an
epimorphism for every inverse system of epimorphisms pλ : M → Lλ with
the Lλ’s in CogenU .
Remark 4.3. A module M is ∆-dense if and only if for any finitely generated
submodule L of ∆M , denoted by L
  i // ∆M the inclusion, we have Im(∆i ◦
δ0M ) = Im∆(i).
The main result about ∆-torsionless modules is the following characterization,
consequence of results in [4] and [17]:
Theorem 4.4 ([6] Proposition 5.3.7). If RUS is a 1-cotilting bimodule, then a ∆-
torsionless module M is D-reflexive if and only if it is ∆-dense and ∆-linearly
compact.
If RU and US are cogenerators in the respective categories, all modules are
clearly ∆-torsionless and ∆-dense by [27, §47.6], and the ∆-linear compactness
coincides with the usual linear compactness: thus we deduce the classical Mu¨ller
characterization of Morita-reflexive objects in the case RUS is a Morita bimodule
[21].
Comparing with the classical Morita case, the ∆-density condition appears. In
[27, 47.7, (1)] is proved that if for any k ∈ N and f : M → Uk, the Coker f is
∆-torsionless, then a module M is ∆-dense. In particular if genRU ⊆ CogenU , all
left R-modules are ∆-dense.
We generalize this result obtaining a characterization of the modules M which
are ∆-dense. Let us start with the following
Lemma 4.5. Let L be a right S-module and L
f
// ∆M a morphism. Then
there exists α ∈ HomR(M,∆L) such that ∆α ◦ δL = f .
Proof. We have the commutative diagram
L
f
//
δL

∆M
δ∆M

∆2L
∆2f
// ∆3M
Let us consider α := ∆f ◦ δM : M → ∆L. Then
∆α ◦ δL = ∆(δM ) ◦∆
2f ◦ δL = ∆(δM ) ◦ δ∆M ◦ f = f.

Theorem 4.6. Let RUS be a 1-cotilting bimodule with S = EndRU . A left R-
module RM is ∆-dense if and only if for any k ∈ N and α :M → RU
k, the Cokerα
is D-torsionless.
Proof. By Definition 4.2, a left R-module M is ∆-dense if and only if for all k ∈ N
and all morphisms
Sk
j
// ∆M and ∆M
φ
// U
there exists m ∈M such that φ ◦ j = δm ◦ j, or equivalently ∆j(φ) = ∆j(δm), i.e.,
Im∆j = Im(∆j ◦ δM ). By Lemma 4.5 there exists α : M → ∆S
k = Uk such that
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j = ∆α ◦ δSk . Then Im∆j = Im(∆j ◦ δM ) is equivalent to
Im∆(δSk) ◦∆
2α = Im∆(δSk) ◦∆
2α ◦ δM ,
which corresponds to Im∆2α = Im∆2α ◦ δM being δSk an isomorphism. We have
the following commutative diagram
M
δM

α
// Uk
∼= δUk

// Cokerα //
η0Cokerα

0
∆2M
∆2α
// ∆2Uk // H0R∆2Cokerα // 0
Then Im∆2α ◦ δM = Im∆
2α if and only if
Im δUk ◦ α = δUk(Imα) = Im∆
2α;
it is easy to verify by diagram chasing that this happens if and only if η0Cokerα is a
monomorphism. 
Corollary 4.7. Let RUS be a 1-cotilting bimodule with S = EndRU . All left
R-modules are ∆-dense if and only if genRU ⊆ DCogenU .
Corollary 4.8. Let RUS be a faithfully balanced 1-cotilting bimodule. If genU =
presU or U is noetherian, then all modules are ∆-dense and those in genU are
D-reflexive. In particular a ∆-torsionless module is D-reflexive if and only if it is
∆-linearly compact.
Proof. Let us prove that genU ⊆ DCogenU . Given N ∈ genU , consider the
commutative diagram with exact rows
0 // L
δL

// Uk
∼=δUk

// N
η0N

// 0
0 // ∆ΓN // ∆2L // ∆2Uk // H0R∆2N // 0
If genU = presU , we can assume L ∈ genU ; if U is noetherian, then L is finitely
generated. In both the cases δL is an isomorphism. Then ∆ΓN = 0 and η
0
N is an
isomorphism. 
We have the following closure properties for D-reflexive ∆-torsionless modules.
Proposition 4.9. Let f : M → N a morphism between ∆-torsionless modules
with ∆Coker f = 0. If M is ∆-reflexive, then Ker f and Im f are ∆-reflexive.
Moreover N is ∆-reflexive if and only if ∆Γ2Coker f = 0; in such a case Coker f
is D-reflexive.
Proof. Let K := Ker f and C := Coker f . Consider the exact sequence
0 // K // M
f
//
$$ $$■
■■
■■
■■
■■
N // C // 0
I = Im f
 ?
OO
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By the diagram
0 // K _
η0K=δK

// M
η0M=δM
∼=

// I  _
η0I=δI

// 0
0 // ∆2K // ∆2M // ∆2I // 0
it follows easily that both δI and δK are isomorphisms. Moreover, by the diagram
(∗) 0 // I
∼=

// N

// C

// 0
0 // ∆ΓC // ∆2I // ∆2N // Γ2C // 0
it follows that ∆ΓC = 0. Applying the snake lemma to the diagram
0 // ∆N

∆N //
g

0

0 // ∆I // ∆M // ∆K // 0
we get the exact sequence 0→ ΓC → Coker g → ∆K → 0. We have the diagram
0 // ΓC _
η0ΓC
// Coker g

// ∆K
∼= η0∆K=δ∆K
// 0
0 // ∆Γ2C // ∆ΓCoker g // 0 // Γ3C // H0R∆2Coker g // ∆3K // 0
where η0ΓC is a monomorphism by Proposition 2.2, and δ∆K is an isomorphism
since ∆(δK) ◦ δ∆K = 1∆K and we have seen that δK is an isomorphism. Therefore
η0Coker g is a monomorphism and ∆Γ
2C ∼= ∆ΓCoker g. By the diagram
0 // ∆N _
δ∆N

g
// ∆M
∼=

// Coker g _
η0Coker g

// 0
0 // ∆ΓCoker g // ∆3N // ∆3M // H0R∆2Coker g // 0
we get that η0Coker g is an isomorphism and hence δ∆N is an isomorphism if and only
if ∆ΓCoker g = 0. Then we get the thesis since δ∆N is an isomorphism if and only
if δN is an isomorphism, and ∆ΓCoker g ∼= ∆Γ
2C. 
4.2. D-reflexive ∆-torsion modules. Given a ∆-torsion module N , the first
condition for the D-reflexivity (see Proposition 1.7), i.e., ∆ΓN = 0, is not anymore
automatically satisfied. It is not easy to understand in general when ∆Γ = 0. Here
are some partial results:
Lemma 4.10. Let RUS be a 1-cotilting bimodule and M a left R-module.
(1) If R = End(US) and M is finitely related, then ∆ΓM = 0;
(2) if S = End(RU) and the right S-module ΓM is finitely generated, then
∆ΓM = 0;
(3) if the torsion pair (Ker∆,KerΓ) is hereditary then ∆Γ = 0 on the whole
module category.
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Proof. 1. We have an exact sequence 0 → K → P → M → 0 with P projective
and K finitely generated. Since K is D-reflexive by Lemma 3.1, 1a), we have the
following diagram with exact rows
0 // K
δK ∼=

// P _
δP

// M

// 0
0 = ∆ΓP // ∆ΓM // ∆2K // ∆2P // H0R∆2M // 0
from which easily one gets ∆ΓM = 0.
2. By the dual version of Bongartz Lemma (see [11, Proposition 3.3.9]), denoted
by n the cardinality of a finite system of generators for the right S-module ΓM ,
there exists a short exact sequence
0→ Un → C →M → 0
for a suitable module C in Ker Γ. Since Un is ∆-reflexive, we have the following
diagram with exact rows
0 // Un
δUn ∼=

// C _
δC

// M

// 0
0 = ∆ΓC // ∆ΓM // ∆2Un // ∆2C // H0R∆2M // 0
from which easily one gets ∆ΓM = 0.
3. See [16, Theorem 1.7]. 
Definition 4.11. Let RUS be a 1-cotilting bimodule. A module N is
• ℓ-orthogonal, ℓ ≥ 1, if
∆ΓN = 0, ...,∆ΓℓN = 0;
• ∞-orthogonal if N is ℓ-orthogonal for each ℓ ∈ N.
Any ∆-torsionless module is clearly∞-orthogonal. A D-reflexive ∆-torsion mod-
ule is by definition 1-orthogonal, but it is necessarily ∞-orthogonal:
Proposition 4.12. Let RUS be a 1-cotilting bimodule and N a ∆-torsion module.
If N is D-reflexive, then ΓiN is ∆-torsion and D-reflexive for each i ≥ 1.
Proof. Since ΓiN = Γ(Γi−1N), it is sufficient to prove the claim for i = 1. By
Proposition 1.7 we have ∆ΓN = 0 and η0N : N → H
0R∆2N is an isomorphism.
By Corollary 1.9, H0R∆2N = Γ2N and therefore ∆Γ(ΓN) = ∆Γ2N = ∆N = 0.
Since η0N is an isomorphism, by Lemma 1.11, (4), also η
0
ΓN is an isomorphism. By
Proposition 1.7 we conclude that ΓN is D-reflexive. 
If S = End(RU) and it is noetherian, by Lemma 3.1, (1c), and Proposition 4.12
all finitely generated right S-modules are ∞-orthogonal.
If RUS is a 1-cotilting bimodule with R = End(US), a ∆-torsionless left R-module
is the direct limit of its finitely generated submodules and these are D-reflexive by
Proposition 3.1, (1a). Something similar happens to the ∆-torsion modules:
Lemma 4.13. Let RUS be a 1-cotilting bimodule. Any ∆-torsion module N is
the direct limit of the rejects of its finitely generated submodules. If R = End(US)
and N is a D-torsionless 1-orthogonal left R-module, then the rejects of its finitely
generated submodules are D-reflexive.
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Proof. Let {Lλ : λ ∈ Λ} be the family of all finitely generated submodules of N .
Applying the direct limit to the short exact sequence
0→ RejU Lλ → Lλ → Lλ/RejU Lλ → 0
we get
0→ lim
−→
RejU Lλ → lim−→
Lλ = N → lim−→
Lλ/RejU Lλ → 0
Since N is ∆-torsion, then ∆(lim
−→
Lλ/RejU Lλ) = 0. Since US is pure-injective [4],
CogenUS = KerΓS is closed under direct limits and therefore Γ(lim−→
Lλ/RejU Lλ) =
0. Then we get lim
−→
Lλ/RejU Lλ = 0 and hence N = lim−→
RejU Lλ. If ∆ΓN = 0,
by Lemma 3.1, (1), and the closure of DCogenU with respect to submodules, the
maps η0Lλ , λ ∈ Λ, are isomorphisms. Since ∆ΓN = 0 it is ∆ΓLλ = 0 and hence
the Lλ, λ ∈ Λ, are D-reflexive. Then, by Proposition 1.10, also the RejU Lλ’s are
D-reflexive. Therefore N is a direct limit of D-reflexive ∆-torsion submodules. 
Our aim now is to characterize the D-reflexive ∆-torsion modules. Compare the
following with the notion of ∆-density and of ∆-linear compactness for ∆-torsionless
modules described in Definition 4.2 and Remark 4.3.
Definition 4.14. Let RUS be a 1-cotilting bimodule. If N ∈ R-Mod, then
(1) N is Γ-linearly compact if N is ∆-torsion and lim
←−
pλ : N → lim←−
Lλ is an
epimorphism for every inverse system of epimorphisms pλ : N → Lλ where
the kernels Ker pλ are ∆-torsion and 2-orthogonal;
(2) N is Γ-dense in Γ2N (Γ-dense for short) if N is ∆-torsion and for each
finitely generated submodule F of ΓN , denoted by F
i
→֒ ΓN the inclusion,
we have Im(Γi ◦ η0N ) = ImΓi, i.e. the morphism
Γi ◦ η0N : N → ΓF is epic.
The Γ-density is automatically satisfied on 2-orthogonal ∆-torsion modules:
Proposition 4.15. Let RUS be a 1-cotilting bimodule with S = End(RU). If N is
a 2-orthogonal ∆-torsion left R-module, then N is Γ-dense.
Proof. Let F be a finitely generated submodule of ΓN and i : F → ΓN the inclu-
sion. Let us consider the composition
N
φ
33
η0N
// Γ2N
Γi
// // ΓF = ΓRejU F
We have to prove that φ is epic. Consider the exact sequence
0 // Kerφ // N
 
❃❃
❃❃
❃❃
❃❃
φ
// ΓRejU F // Cokerφ // 0
I
,

;;✈✈✈✈✈✈✈✈✈
Since ∆Γ2N = 0, by Lemma 3.1, (1b), and Proposition 1.10, F and RejU F are D-
reflexive; in particular, by Proposition 1.7, ∆ΓRejU F = 0 and hence ∆Cokerφ =
0. Applying ∆ we get the exact sequences
0→ ∆I → ∆N = 0→ ∆Kerφ→ ΓI → ΓN which implies ∆I = 0
0 = ∆I → ΓCokerφ→ Γ2RejU F → ΓI → 0
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Therefore ΓCokerφ is contained in KerΓφ. Since ΓN is ∆-torsion, we have the
following commutative diagram
Γ2RejU F = Γ
2F
Γ2i
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
Γφ
// ΓN
Γ3N
Γ(η0N )
<<②②②②②②②②
RejU F
η0RejU F
∼=
OO
  i // ΓN
η0ΓN
OO
By Lemma 1.11, (4), Γ(η0N ) ◦ η
0
ΓN = 1ΓN ; hence Γφ is a monomorphism and
ΓCokerφ = 0. Since RU is cotilting and also ∆Cokerφ = 0, we have Cokerφ = 0,
i.e. φ is an epimorphism. 
Theorem 4.16. Let RUS be a 1-cotilting bimodule. If a ∆-torsion module N is
D-reflexive, then it is Γ-linearly compact.
Proof. By Proposition 4.12, N and ΓiN are ∆-torsion and D-reflexive for each
i ≥ 0. Consider an inverse system of epimorphisms
0→ Kλ → N → Nλ → 0
where the kernels Kλ are 2-orthogonal and ∆-torsion modules. Since Kλ, N and
Nλ are ∆-torsion and ∆ΓN = 0, by Proposition 1.7 and Corollary 1.9, we have
H−1R∆2N = 0, H0R∆2Nλ = Γ
2Nλ, H
0R∆2Kλ = Γ
2Kλ, H
0R∆2N = Γ2N
and hence we have the following commutative diagram with exact rows
0 // Kλ //
η0Kλ

N //
∼=η0N

Nλ //
η0Nλ

0
0 // ∆ΓNλ // Γ
2Kλ // Γ
2N // Γ2Nλ // 0
Since η0N is an isomorphism, we have that η
0
Kλ
is a monomorphism and η0Nλ is an
epimorphism. Let us consider the short exact sequence
0→ Kλ
η0Kλ→ Γ2Kλ → Coker η
0
Kλ
→ 0
Let us prove that Coker η0Kλ = 0 and hence η
0
Kλ
is an isomorphism. We have the
exact sequences
0→ ∆Coker η0Kλ → ∆Γ
2Kλ = 0,
which implies ∆Coker η0Kλ = 0 and
∆Kλ = 0→ ΓCoker η
0
Kλ
→ Γ3Kλ
Γ(η0Kλ
)
→ ΓKλ → 0
By Proposition 2.2, η0ΓKλ is a monomorphism; therefore from the commutative
diagram
ΓN
η0ΓN
∼=

// ΓKλ // _
η0ΓKλ

0
Γ3N // Γ3Kλ // 0
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we get that η0ΓKλ is an isomorphism. Then by Lemma 1.11, (4), Γ(η
0
Kλ
) is an
isomorphism and hence ΓCoker η0Kλ = 0. Then Coker η
0
Kλ
= 0 and hence η0Kλ is an
isomorphism; then ∆ΓNλ = 0 and η
0
Nλ
is an isomorphism. By Proposition 3.2, we
conclude that lim
←−
pλ is an epimorphism. 
Let us prove now the converse of Theorem 4.16.
Theorem 4.17. Let RUS be a cotilting bimodule with S = EndRU and N a D-
torsionless left R-module. If N is Γ-linearly compact and 2-orthogonal, then N is
D-reflexive.
Proof. Since ∆ΓN = 0 and N is D-torsionless, we have to prove only that η0N is
an epimorphism. By Lemma 4.13, the S-module ΓN is a direct limit of the rejects
of its finitely generated submodules {RejU Fλ : λ ∈ Λ}, and these are D-reflexive.
Denoted by iλ and jλ the inclusions
Fλ
iλ
→֒ ΓN and RejU Fλ
jλ
→֒ Fλ,
let us consider the diagram
N
η0N

ΓRejU Fλ
Γ2N
Γiλ
// ΓFλ
Γjλ ∼=
OO
Since N is Γ-dense by Proposition 4.15, Γiλ ◦ η
0
N is an epimorphism and therefore
also θλ := Γjλ◦Γiλ◦η
0
N is an epimorphism. Let us consider the short exact sequence
0 // Ker θλ // N
θλ
// ΓRejU Fλ // 0
Let us prove that Ker θλ are 2-orthogonal ∆-torsion modules. Applying ∆ we get
the following commutative diagram
∆N = 0 // ∆Ker θλ // Γ
2RejU Fλ
Γθλ
//
Γ2(iλ◦jλ)
❑❑
❑
%%❑
❑❑
ΓN // ΓKer θλ // 0
Γ3N
Γη0N
OO
RejU Fλ
η0RejU Fλ
∼=
OO
  iλ◦jλ // ΓN
η0ΓN
OO
Since Γ(η0N )◦η
0
ΓN = 1ΓN by Lemma 1.11, (4), we have that ∆Ker θλ = 0 and hence
Ker θλ is ∆-torsion. Applying ∆ to the short exact sequence
0→ Γ2RejU Fλ → ΓN → ΓKer θλ → 0
we get the exact sequence 0 → ∆ΓKer θλ → ∆ΓN = 0 and hence ∆ΓKer θλ = 0;
since RejU Fλ is D-reflexive, by Proposition 4.12 we have
0 // ∆Γ2RejU Fλ = 0 // Γ
2Ker θλ // Γ
2N
Γ2θλ
// Γ3RejU Fλ // 0
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Applying again ∆, we get the commutative diagram
∆Γ2N = 0 // ∆Γ2Ker θλ // Γ
4RejU Fλ
Γ3θλ
// Γ3N // Γ3Ker θλ // 0
Γ2RejU Fλ
η0
Γ2 RejU Fλ
∼=
OO
 Γθλ // ΓN
?
η0ΓN
OO
Then Γ3θλ is mono and hence Γ
2Ker θλ is ∆-torsion: therefore Ker θλ are 2-
orthogonal ∆-torsion modules. Since N is Γ-linearly compact, taking the inverse
limit of the commutative diagram
N
η0N

θλ
// // ΓRejU Fλ
Γ2N
Γ(iλ◦jλ)
// ΓRejU Fλ
we get the commutative diagram
N
η0N

lim
←−
θλ
// // lim
←−
ΓRejU Fλ
Γ2N
lim
←−
Γ(iλ◦jλ)
// lim
←−
ΓRejU Fλ
Γ2N
Γ lim
−→
(iλ◦jλ)
// Γ lim
−→
RejU Fλ
Γ2N
1Γ2N
// Γ2N
and hence η0N is an epimorphism. 
Corollary 4.18. Let RUS be a 1-cotilting bimodule and N a ∆-torsion module.
Then N is D-reflexive if and only if it is 3-orthogonal and Γ-linearly compact.
Proof. If ∆ΓN = 0 = ∆Γ3N , then N is a D-torsionless module (see Proposi-
tion 2.2). Then we conclude by Proposition 4.12 and Theorems 4.16, 4.17. 
We have the following closure properties for D-reflexive ∆-torsion modules.
Proposition 4.19. Let RUS be a cotilting bimodule and p : M → N an epimor-
phism with ∆(Ker p) = 0. If M is a D-reflexive ∆-torsion module, then N is
D-reflexive if and only if N is 1-orthogonal and Ker p is 2-orthogonal; in such a
case also Ker p is D-reflexive.
Proof. Consider the commutative diagram with exact rows
0 // K = Ker p
η0K
// M
η0M
∼=

p
// N
η0N
// 0
0 // ∆ΓK // ∆ΓM = 0 // ∆ΓN // Γ2K // Γ2M // Γ2N // 0
If N is D-reflexive, then ∆ΓN = 0 by definition and K is D-reflexive too. Thus K
and hence RejU K (see Proposition 1.10) areD-reflexive; then ∆Γ
2K = ∆Γ2RejU K =
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0 by Proposition 4.12. Let us see the converse. Since η0M is an isomorphism, then
η0N is an epimorphism. Let us prove that ∆Γ
3N = 0; thus, since ∆ΓN = 0 by
hypothesis, we conclude by Proposition 2.2 that η0N is also a monomorphism and
hence an isomorphism. Applying ∆ to 0 // K // M // N // 0 , we
get the exact sequence 0 // ΓN // ΓM // ΓK // 0 . From the fol-
lowing commutative diagram with exact rows
0 // ΓN
η0ΓN
// ΓM
η0ΓM
∼=

// ΓK
η0ΓK
// 0
0 // ∆Γ2N // ∆Γ2M = 0 // ∆Γ2K = 0 // Γ3N // Γ3M // Γ3K // 0
we obtain ∆Γ2N = 0. Moreover, by Proposition 2.2, the maps η0ΓK and η
0
ΓN are
monomorphisms. Since η0ΓM is an isomorphism, then η
0
ΓK is an epimorphism and
then both η0ΓK and η
0
ΓN are isomorphisms and hence ΓN is a D-reflexive ∆-torsion
module. By Proposition 4.12 we conclude ∆Γ3N = 0. 
5. Conclusions
In this final part we collect the results proved in the previous sections in an
unified version which permits us to characterize the D-reflexive complexes.
Definition 5.1. Let RUS be a 1-cotilting bimodule. A module M is U-linearly
compact if for each inverse system of epimorphisms (M
pλ
→Mλ)λ∈Λ such that
(1) pλ(RejU M) = RejU Mλ,
(2) Ker pλ ∩ RejU M are 2-orthogonal ∆-torsion modules,
the inverse limit lim
←−
pλ :M → lim←−
Mλ is an epimorphism.
It is clear that if RUS is a Morita bimodule, then the U -linearly compact modules
are exactly the usual linearly compact modules, since RejU M = 0 for each module
M .
Proposition 5.2. A module M is U -linearly compact if RejU M is Γ-linearly com-
pact, and M/RejU M is ∆-linearly compact. If M is 2-orthogonal also the converse
holds.
Proof. Consider an inverse system of epimorphisms (M
pλ
→Mλ)λ∈Λ satisfying condi-
tions (1), (2) in Definition 5.1. SetKλ = Ker pλ, we have the following commutative
diagram with exact rows and columns
0

0

0

0 // Kλ ∩ RejU M

// Kλ

// Kλ/Kλ ∩ RejU M //

0
0 // RejU M
nλ

//M
pλ

// M/RejU M //
qλ

0
0 // RejU Mλ //

Mλ //

Mλ/RejU Mλ //

0
0 0 0
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Since Kλ ∩ RejU M are 2-orthogonal ∆-torsion modules and RejU M is Γ-linearly
compact, then lim
←−
nλ is surjective. SinceMλ/RejU Mλ is ∆-torsionless andM/RejU M
is ∆-linearly compact, then lim
←−
qλ is surjective. Taking the inverse limit of this di-
agram we get the following commutative diagram with exact rows and columns
0

0

0

0 // lim
←−
Kλ ∩ RejU M

// lim
←−
Kλ

// lim
←−
Kλ/Kλ ∩ RejU M

0 // RejU M
lim
←−
nλ

α
//M
lim
←−
pλ

β
// M/RejU M //
lim
←−
qλ

0
0 // lim
←−
RejU Mλ
θ
//

lim
←−
Mλ
ξ
// lim
←−
Mλ/RejU Mλ

0 0
By the Snake Lemma we conclude that lim
←−
pλ is surjective and hence M is U -
linearly compact.
Let M be a U -linearly compact module; let us prove that RejU M is Γ-linearly
compact and M/RejU M is ∆-linearly compact. Consider an inverse system of
epimorphisms (RejU M
nλ→ Nλ)λ∈Λ where the kernels Kernλ are 2-orthogonal ∆-
torsion modules. Then we have the following commutative diagram
0

0

0 // Kernλ

Ker pλ

0 // RejU M
nλ

ι
// M
pλ

//M/RejU M // 0
0 // Nλ //

Mλ //

M/RejU M
// 0
0 0
where Mλ is the pushout of nλ and ι. Since Nλ is ∆-torsion and M/RejU M is
∆-torsionless we have
RejU Mλ = Nλ = pλ(RejU M);
next Ker pλ ∩ RejU M = Ker pλ = Kernλ are 2-orthogonal ∆-torsion modules.
Therefore, since M is U -linearly compact, lim
←−
pλ is an epimorphism. We have the
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following commutative diagram
0 // RejU M
lim
←−
nλ

ι
// M
lim
←−
pλ

// M/RejU M // 0
0 // lim
←−
Nλ
θ
// lim
←−
Mλ
ξ
//

M/RejU M
0
By the Snake Lemma, lim
←−
nλ is an epimorphism too, and hence RejU M is Γ-linearly
compact.
Consider now an inverse system of epimorphisms (M/RejU M
qλ
→ Qλ)λ∈Λ where
the Qλ’s are U -torsionless. Then we have the following commutative diagram
0

0

0 // RejU M // Kλ

// Ker qλ
j

// 0
0 // RejU M
ι
// M
pλ

π
// M/RejU M //
qλ

0
Qλ

Qλ

0 0
where Kλ is the pullback of π and j. Since
Ker pλ ∩ RejU M = Kλ ∩RejU M = RejU M,
∆ΓRejU M = ∆ΓM = 0, and ∆Γ
2RejU M = ∆Γ
2M = 0, the modules Ker pλ ∩
RejU M are 2-orthogonal and ∆-torsion. Moreover pλRejU M = 0 = RejU Qλ.
Therefore, since M is U -linearly compact, lim
←−
pλ is an epimorphism. From the
following commutative diagram
M
π
//
lim
←−
pλ

M/RejU M //
lim
←−
qλ

0
lim
←−
Qλ

lim
←−
Qλ
0
we have that lim
←−
qλ is an epimorphism too, and hence M/RejU M is ∆-linearly
compact. 
The notion of U -linear compactness is closed under suitable epimorphisms.
DERIVED DUALITIES INDUCED BY A 1-COTILTING BIMODULE 27
Lemma 5.3. Let RUS be a cotilting bimodule and p :M → N an epimorphism such
that p(RejU M) = RejU N and Ker p ∩ RejM is a 2-orthogonal ∆-torsion module.
Then, if M is U -linearly compact, also N is U -linearly compact.
Proof. Let (N
pλ
→ Nλ)λ be an inverse system of epimorphisms such that Ker pλ ∩
RejU N are 2-orthogonal ∆-torsion modules and pλ(RejN) = RejNλ. Applying
the snake lemma to the diagram
0 //

M
p

M
pλ◦p

// 0
0 // Ker pλ // N
pλ
// Nλ // 0
we get the short exact sequence
0→ Ker p→ Ker(p ◦ pλ)→ Ker pλ → 0
and hence, since p(RejU M) = RejU N , the short exact sequence
0→ Ker p ∩ RejU M → Ker(pλ ◦ p) ∩ RejU M → Ker pλ ∩ RejU N → 0
Then Ker(pλ ◦ p)∩RejU M are 2-orthogonal ∆-torsion modules, pλ ◦ p(RejU M) =
RejU Nλ and hence lim←−
(pλ ◦ p) is surjective. Since lim←−
(pλ ◦ p) = lim←−
pλ ◦ p, also
lim
←−
pλ is an epimorphism. 
Theorem 5.4. Let RUS be a faithfully balanced 1-cotilting bimodule. Then a mod-
ule is D-reflexive if and only if it is U -linearly compact, ∆-dense and 3-orthogonal.
Proof. By Proposition 1.10, a module M is D-reflexive if and only if both RejU M
and M/RejU M are D-reflexive. Assume M is D-reflexive. By Propositions 1.10,
4.12 and Theorems 4.16, 4.4 ΓiM = ΓiRejU M are ∆-torsion for each i ≥ 1,
RejU M is Γ-linearly compact and M/RejU M is ∆-linearly compact and ∆-dense
in ∆2(M/RejU M) = ∆
2M . Therefore, by Proposition 5.2, M is U -linearly com-
pact and ∆-dense. Conversely, assume M is U -linearly compact, ∆-dense and
3-orthogonal. By Proposition 5.2, RejU M is Γ-linearly compact and M/RejU M is
∆-linearly compact and ∆-dense. Then M/RejU M is D-reflexive by Theorem 4.4
and RejU M is D-reflexive by Corollary 4.18; therefore M is D-reflexive by Propo-
sition 1.10. 
Let us denote by RU-LCD3 (resp. US-LCD3) the subcategory of U -linearly
compact, ∆-dense and 3-orthogonal left R- (reap. right S-) modules. Observe that
by Theorem 5.4 and Proposition 4.12 the modules in U -LCD3 are ∞-orthogonal.
Corollary 5.5. The total derived functors RHomR(−, U) and RHomS(−, U) as-
sociated to a 1-cotilting bimodule RUS define a duality between the categories of
complexes of left R- and right S- modules with cohomologies in RU -LCD3 and US-
LCD3:
RHomR(−, U) : DRU-LCD3(R)
−−→←−− DSU-LCD3(S) : RHomS(−, U).
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